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ABSTRACT 
We develop spectral theory for elements in an ordered Banach algebra 
I. INTRODUCTION 
It has been discovered around the turn of the century by 0. Perron and 
G. Frobenius that the spectral theory of positive matrices has certain special 
features. More generally, the study of the spectral theory of positive operators 
on ordered Banach spaces (or on Banach lattices), developed since, yields some 
interesting results. This theory is documented well in the monographs of 
H.H. Schaefer [32,29] and A.C. Zaanen [34]. We refer to this study, or in fact to 
the study of any generalisations of the above setup, as Perron-Frobenius the- 
ory. It has become an important field of modern operator th;ory having many 
practical and theoretical applications. 
We will show that Banach algebra techniques combined with ordered struc- 
tures yield new insights into the Perron-Frobenius theory. This has been ob- 
served in [17, 18, 19, 21, 81 and by others. Most of the well-known spectral the- 
oretical results in ordered structures have been proved in the operator algebra 
L(X) of bounded linear operators on an ordered Banach space X (cf. for ex- 
ample [ll, 22, 33]), or even on a Banach lattice X (cf. [29, 341). In this case, two 
cones are involved, namely a cone C of X and a cone K of C(X), where K is 
defined in terms of C as follows: K := {T E C(X) : TC c C}. In many cases 
the use of two cones tends to complicate matters. Apart from this problem. 
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another deficiency of the setup described above is that the normality of K, 
which is in many results an essential restriction, cannot be obtained by only 
assuming that C is normal. We prove our results in a structure which will be 
called an ordered Banach algebra A, the ordering which is induced by a subset 
C of A with certain special properties, called an algebra cone, and this is the 
only cone involved. It will become clear that many well-known spectral theo- 
retical results can be proved easily and in an elegant way in our setup, (some- 
times) contrary to the case where two cones are involved. An important con- 
cept in the Perron-Frobenius theory is the monotonicity of the spectral radius. 
This concept will be studied in Section 4. In Section 5 we investigate spectral 
properties of ‘positive’ elements. Our final section is devoted to the following 
problem: If a and b belong to an ordered Banach algebra and if b ‘dominates’ a, 
what properties of b are inherited by a? 
2. PRELIMINARIES 
Throughout the paper A will denote a complex Banach algebra with unit 1. 
The spectrum of an element a in A will be denoted by a(a, A) and the spectral 
radius of a in A by r(a, A). The set of quasinilpotent elements in A will be de- 
noted by QiV(A) and the radical of A by Rad A. A two-sided ideal in a Banach 
algebra will be called inessential whenever the spectrum of every element in the 
ideal is either finite or a sequence converging to zero [5]. If J is an inessential 
ideal in A, then the closure of J in A, denoted by JA is also an inessential ideal in 
A [5, Corollary 2.61. An element a in A is called Riesz relative to the ideal J if 
the spectrum of the element a + JA in the quotient algebra A/JA consists of 
zero. We denote the set of Riesz elements in A relative to J by R(A, J). For 
properties of these elements we refer to [6, Section R.11. Let J be a two-sided 
inessential ideal of A. Following [5], we define for an element a E A the set 
D(a, A, J) as follows: 
X$D(a,A,J) e Or 
X is isolated in u(a, A) and the corresponding 
\ spectral projection is in J. 
It is easy to verify that D(a, A, J) is compact and that u(a, A)\D(a, A, J) is dis- 
crete and hence countable. It can be shown that D(a, A, J) is the Browder spec- 
trum of a in A relative to J [6,28]. We have the familiar inclusions 
o(a + JA, A/JA) c D(a, A, J) c a(a, A). 
If A and B are Banach algebras, then the linear map T : A + B is called a 
homomorphism if Tab = TaTb and Tl = 1. If K is a compact subset of the 
complex plane C, we define the polynomially convex hull K^ of K as usual by 
K^ := {z E C : Ip( < llpllK for every polynomial p} 
where llpllK := sup{Ip(z)I : z E K}. The set K is polynomially convex if K = 
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K^. The connected hull qK of K has complement the unique unbounded com- 
ponent of C\K. Thus qK is the union of K and its holes, where a hole of K is a 
bounded component of C\K. In the complex plane IRK coincides with K^. 
Let E be a complex Banach lattice and denote by C(E) the space of bounded 
linear operators on E. An operator T : E --f E is regular if it can be written as a 
linear combination over C of positive operators. The space of all regular 
operators on E is denoted by C’(E) and it is a subspace of C(E). When C’(E) is 
provided with the r-norm 
l]T(j, := inf{/jSII : S E L(E), lT,X 5 Slxl for all x E E}. 
it becomes a Banach algebra which contains the unit of C(E), cf. [30, IV $11 and 
[4]. The spectrum of T in C(E) is denoted by a(T) and if T is regular, then the 
spectrum of T in l r (E) is denoted by o,(T) and it is called the o-spectrum of T. 
This concept was introduced by Schaefer in [30]. If IC(E) denotes the ideal of 
compact operators on E and if T E C(E), then the spectrum of T + IC(E) in the 
quotient algebra C(E)/IC(E) is called the essential spectrum of T and it is de- 
noted by aess(T). The spectral radius of T + IC(E) in the algebra L(E)/IC(E) is 
called the essential spectral radius of T and it is denoted by Tess(T). Let X’(E) 
denote the closure in C’(E) of the ideal of finite rank operators on E. The ideal 
X’(E) in C’(E) IS called the ideal of r-compact operators [4]. If T E C’(E). then 
the spectrum of T + X’(E) in the Banach algebra C’(E)/X’(E) is called the 
order essential spectrum of T and it is denoted by ooe( T). The spectral radius of 
T +X’(E) in the algebra Lr(E)/nr(E) IS called the order essential spectral 
radius of T and it is denoted by r,,(T). 
3. ORDERED BANACH ALGEBRAS 
We define an algebra cone C of a real or complex Banach algebra A and show 
that C induces on A an ordering which is compatible with the algebraic struc- 
ture of A. A is then called an ordered Banach algebra (OBA). We also define 
certain additional properties of C. Of these properties normality is the most 
significant one, as it reconciles the order structure and the topology of A. 
Let A be a real or complex Banach algebra with unit 1. We call a nonempty 
subset C of A a cone if it satisfies the following: 
1. C+CcC, 
2. XC c C for all X > 0. 
If in addition C satisfies C 0 -C = {0}, then C is called a proper cone. Any 
cone C on A induces an ordering ‘5’ on ‘4 in the following way: 
a<h if and only if h-aEC 
(a, h E A). It can be shown that this ordering is a partial ordering on A, i.e. for 
every a. h E A 
1. a 5 a (5 is reflexive), 
2. if a < h and b < c, then a 5 c (5 is transitive). 
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Furthermore, C is proper if and only if this partial order has the additional 
property of being antisymmetric, i.e. a 5 b and b 5 a, then a = b. Considering 
the partial order that C induces we find that C = {a E A : a 2 0} and therefore 
we call the elements of Cpositive. A cone C of a Banach algebra A is called an 
algebra cone if C satisfies the following conditions: 
3. c.cc c, 
4. 1 E c. 
A real or complex Banach algebra with unit 1 is called an ordered Banach alge- 
bra (OBA) if A is ordered by a relation ‘5’ in such a manner that for every 
a,b,cE AandXE C 
l.‘a,b>O+a+b>O, 
2.’ a > 0, X 2 0 =+ Xa 2 0, 
3.’ a, b 2 0 + ab 2 0, 
4.’ 1 > 0. 
Therefore if A is ordered by an algebra cone C, then (A, C) is an OBA. An al- 
gebra cone C in A is said to be normal if there exists a constant cr > 0 such that 
if follows from 0 5 a 5 b in A that IJa(l 5 crjlbll. It is well known that if C is a 
normal algebra cone then it is a proper algebra cone. 
We shall mainly be concerned with complex Banach algebras. If however, A 
is a real Banach algebra ordered by an algebra cone C, then we shall consider 
the complexification AC := A x A [lo, p. 681, ordered by the algebra cone C. If a 
is an element of a real Banach algebra A, then we define the spectrum o(a, A) of 
a in A as u((a, 0), AC) [IO, Definition 6, p. 701. Moreover, it can be shown that 
r(a, A) = r((a, A), AC) = lim,,, IlanJ/l’n. 
Let A and B be Banach algebras such that 1 E B c A. If C is an algebra cone 
in A, then C f? B is an algebra cone in B. Moreover, if C is a proper algebra cone 
in A, then C n B is a proper algebra cone in B. In the case where B has a finer 
norm than A (i.e. jlbllA 5 [IbIle f or all b E B) and B contains the unit of A, we 
have the additional fact that if the algebra cone C of A is closed in A, then the 
algebra cone C n B of B is closed in B. If B is a closed subalgebra of A (con- 
taining the unit of A), then normality of C in A implies normality of C n B in B. 
If T : A + B is a homomorphism and if C is an algebra cone of A, then TC = 
{ Tc : c E C} is an algebra cone in B. In particular, if F is a closed ideal in the 
OBA (A, C) and if 7r : A + A/F is the canonical homomorphism, then 7rC is an 
algebra cone of A/F, although we cannot deduce normality or closedness of TC 
from the corresponding properties of C. 
4. MONOTONICITY OF THE SPECTRAL RADIUS 
In this section we investigate monotone properties of the spectral radius in 
an OBA. We prove (Theorem 4.1 1) that if the cone in an OBA is normal then 
the spectral radius is a monotone function. We give an example to show that the 
converse of this statement is in general not true and an example to show that if 
the cone is not normal, then the spectral radius may not be monotone. In our 
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second main result (Theorem 4.4) we derive monotone properties of the spec- 
tral radius in quotient algebras. This enables us to recover important properties 
of the essential spectral radius of positive operators in Banach lattices of Mar- 
tinez -Mazon [23]. 
Let (A, C) he un OBA. If 0 < a < b relutive to c’ implies r(a) 5 r(b). then 
we say that the spectral radius (junction) is monotone LV.Y. t the algebra 
cone C. Recall that the center Z(A) of a Banach algebra A is defined as the set 
(X E A : CLX = XCI for all x E A}. 
Theorem 4.1. Let A be an OBA with u normal algebra cone C and let a, b E rl hc 
such that 0 5 a 5 b relative to C. Then 
1. r(a) 5 r(b). 
2. (f h is quasinilpotent then Q is quasinilpotent. 
3. ifb is in the radicul of A then a is quasinilpotent, 
4. ijb is in the radical of A and in the center of A then a is in the radical of’A_ 
Proof. 1. Let Q be the normality constant. From 0 < u 5 b it follows that 
0 5 un 5 6” (n E N). The normality of C implies that I]a”]l 5 ]lb”]]. By taking 
l/n-th powers and considering the limit as n -+ x? on both sides, we obtain 
r(a) < r(b). 
2. follows from 1. 
3. follows from 2 and the fact that Rad A c QN(A). 
4. By 3 r(u) = 0. Let x be any element of A. Then, since a commutes with 4, 
r(ax) 5 r(a)r(x) = 0, so that aA c QN(A). Th is implies that a is in the radical 
ofA. 0 
Results similar to Theorem 4.1 1 have already been proved for positive op- 
erators on ordered Banach spaces (cf. [22, Theorem 4.21 and [ll, Theorem 1.11). 
We present two examples. In the first we illustrate that the converse of Theorem 
4.1 1 is in general not true. In the second we show that if the algebra cone is not 
normal then the spectral radius may not be monotone. 
Example 4.2. Let E be the Banach lattice Q1 CE L”[O. 11 @ fSx, C be the positive 
cone in E and let K = {T E CY(E) : TC c C}. If 7r : C’(E) - CY(E)/K’(E) is 
the canonical homomorphism then the spectral radius function in the OBA 
(~V)IqE), TK) is monotone but the algebra cone 7rK is not normal. 
Since E is Dedekind complete, the spectral radius in the OBA 
(C’(E)/K:‘(E), q is monotone [23, Theorem 2.81. By [3, Examples 3.1 and 3.21 
there exist positive operators S and T on E such that 0 < S 5 T. Furthermore, 
since T is finite rank, T E K’(E) and since S is not compact it is not r-compact. 
Hence 0 < S + KC’(E) < T + K’(E) = K’(E) and so 0 # I/S + Icy(B while 
11 T i- K?(E)]] = 0. 
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Alternatively, the existence of S and T with the above properties implies, in 
view of Theorem 6.1, that the algebra cone rrK is not proper and consequently 
not normal. 
Example 4.3. Let L(e2) denote the real Banach algebra of bounded linear op- 
erators on C2 and let N = (0, 1,2,. . .}. If 
c := (X/&y E e2 : $s xk > 0 for all y1 E N} 
and K = {T E L(t2) : TC c C}, then K is a non-normal proper closed algebra 
cone of the real Banach algebra c(e2) (and therefore also of the complex 
Banach algebra L(12),), and the spectral radius function in (c(e’),, K) is not 
monotone. 
It is easy to see that C is a proper closed cone in e2. To show that C is total, i.e. 
C-C=e2,defineF,,:=span{eo,ei ,..., e,}ands,:=C~=,ek(n=0,1,2 ,... ), 
where (en),,_N denotes the Schauder basis of e2, i.e. eo := (l,O, . . .), el := 
(0, l,O, . . .), etc. It is clear that s, E C for any n E N and since eo = SO E C, we 
have that CIzo xkek = x,e, + CllA (xk - Xk+i)Sk for any n E N\(O) and any 
(x0, xl, . , x,} c R. Consequently K is a proper closed algebra cone of the real 
Banach algebra l(e’). 
To show that K is not normal, define bounded linear operators S,,, T,, : e2 + 
e* (n = 1,2,. . .) as follows: &(x0,x1,. .) := (0,. . . ,0,x0,0,. .), with x0 in the 
(n + 1)-th position and T,(xo,xl, . .) := l/n(xo,. . . ,x0,. . .), such that x0 ap- 
pears (H + 1)-times. Note that S,,, T,, T, - S,, E K (n = 1,2,. . .) so that 0 < S 5 
T holds w.r.t. the algebra cone K. Furthermore, IlS,,lj = 1 and normality of K 
would imply Q < (1 T,ll f or some positive constant 0 (n = 1,2,. . .). But this is 
not possible because lITnIl 5 (l/n + 1/(n2))‘12 -+ 0 as Iz’+ cc. 
Since K is a non-normal proper closed algebra cone of the real Banach 
algebra .fZ(e*), it is also a non-normal proper closed algebra cone of the com- 
plex Banach algebra fZ(C2),. Finally we prove that the spectral radius function 
in (L(e2),,K) IS not monotone. To this end, define bounded linear operators 
s,re2+e2 as follows: S(xk)ktN := ET=0 x,ezn and T(xk)kEN := xoel + 
C,“=* (1/(2’(“))(xj(n) + ~~(~)+i))e~, where j(n) E N is such that 2i(“) + 1 5 n < 
2i(“)+ 1 for n > 2. Note that S belongs to K. To show that T E K, let n be a nat- - 
ural number not less than 2 with 12 = 24 + t, where 1 < t < 24. Then j(n) = q 
and for every r E (24 + 1, . . , 2q+ ‘} we have that j(r) = q. From the definition 
of T it follows that 
1. ifO~s<qandm~{2S+1,...,2”~1},thenj(m)=sandhencethem-th 
coordinate of T(xk)ktN is 1/(2”)(xs + x,~+ i), and 
2. forCE{24+1,..., 24 + t = n}, j(e) = q and hence the e-th coordinate of 
T(X&tN is l/(2q)(xq + xq+l). 
Let (Yk)kEN := T(Xk)ktN; then from the definition of T 
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+24-l ~(xq~IIxy)++xq+xq+l) 
=&(xu+xl+...+ x,+l)+(xo+.xl $_“‘fX,) 
+ 1-L (xo+...+x,-I) ( > 29 
20 if kg0 xk > 0 for all n E N. 
In a similar way it can be shown that T -- S E K so that 0 I S I T holds w.r.t. 
the algebra cone K. Now we will calculate the spectral radii of S and T. Since S 
is a non-surjective isometry, CT(S, fZ(e’),) = {X E C : /A 5 1) [7, Proposition 
1.15, p. 271 and so Y(S, c(e*),) = 1. W e s ow that K is a compact quasinilpotent h 
operator. Let ( y,), t N := T(xk)k E N. For any (xk)k,N E e’ and for any n > 2 
(n E N), by the Schwartz inequality 
1.h 5 (j&)“*cx/& + &+ ,p2 L g-,,x,,. 
Let P,, (n E N) denote the orthogonal projection of pz onto span{eo, el:. . , e,} 
and let Q,, := I - P,_I and Qa = I. Hence if n > 2 then IIQnTll 5 v’? x 
(xi?‘“=, 1/(22i(k)))‘i2. Let 2 5 n = 24 + t, where 1 5 t < 24. Then for any Y E 
{2q+l,..., 2q+t=n ,..., 2q+‘}, j(r)=q=,j(n). If s>q and rnE 
{2’+ 1,. ,2”“}, thenj(m) = s. Hence 
Since 1 - t I 0, it follows that 2” - t + 1 5 2q, so that CTZn 1/(22’(k)) < 
cJ”=O l/(24+;). H ence llQnTj( 2 l/(2”‘*-‘). When n + oc, also q 4 cc. This 
implies that Qn T + 0 as n 4 x. Because T is the uniform limit of finite rank 
operators, it is compact. 
From the definition of T it can be seen that Tek E span{eo, er.. . e2h, ! } 
(k = 0,l;. .). Let 0 # X E a(T,C(t’),). B ecause T is compact, every nonzero 
element of the spectrum is an eigenvalue of T. Hence TX = Xx for some 0 # 
.Y E e2. We have, however, P,Tx=TP,x~span{e~,.et,...,e~+‘}, while 
P,,(Xx) t span{eo, el, . . , e,}, a contradiction. Therefore a(T, L(12),) = {0} 
and so r(T) = 0. We have shown that the spectral radius function is not mono- 
tone and that T is quasinilpotent while S is not (see Theorem 4.1 2). 
Some of the information of Example 4.3 was gathered from examples 
L. Burlando developed in her paper [ 111, arranged and adapted to suit our 
purpose. It is well known that if ab = ha with n and b elements of a Banach al- 
gebra, then Y(&) < Y(u)Y(~). The next proposition shows how the ordering can 
be used to prove a similar result in an OBA. 
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Proposition 4.4. Let A be an OBA with a normal algebra cone C and a, b E C. Zf 
ab 5 ba then r(ba) 5 r(b)r(a) and r(ab) 2 r(a) r(b). 
Proof. If a, b E C with ab _< ba, then 0 < (ba)k _< bkak (k E N). The normality 
of C implies that ll(ba)klj 5 crllbkJ(l/aklj. A s in the proof of Theorem 4.1 1 it 
follows that r(ba) 5 r(b)r(a). To prove the other inequality, observe that 0 5 
(ab)k 5 (ba)k 5 b kak for every k E N. As in the first part of the proof, the 
normality of the algebra cone yields the desired conclusion. q 
The above result was proved by V. Caselles [ 12, Lemma 51 by totally different 
methods for positive operators on Banach lattices. It is known however, that if 
E is a Banach lattice, then the set of positive operators on E is a normal algebra 
cone [31, Lemma 31. In our next results we focus attention on the connection 
between the monotonicity of the spectral radius relative to algebra cones of 
different Banach algebras. 
Proposition 4.5. Let (A, C) be an OBA and B a Banach algebra with 1 E B c A 
and such that the spectral radius function in the OBA (B, C fT B) is monotone. Zf 
a, b E B such that 0 < a < b relative to C and a(b, B) = a(b, A) then r(a, A) 5 
r(b, A). 
Proof. Let a, b E B with 0 < a 5 b relative to C. Since the spectral radius in 
(B, C n B) is monotone, r(a, B) 5 r(b, B). The fact that B is a subalgebra of A 
implies that a(a, A) c a(a, B), so that r(a, A) 5 r(a, B). From our hypothesis 
we get that r(b, B) 5 r(b, A). Combining the results, it follows that r(a, A) 5 
r(b, B). 0 
Suppose A and B are Banach algebras such that 1 E B c A and a, b E B. In 
the above result we required that a(b, A) = o(b, B). Situations when this can 
occur are pointed out in [19, Corollaries 2.4 (c), 2.5, Theorems 2.7,3.6,5.4]. If we 
restrict ourselves to inessential ideals we can prove a stronger result in quotient 
algebras. Recall that we denote the closure of an ideal Z in A by ZA. 
Theorem 4.6. Let (A, C) be an OBA and B a Banach algebra such that 1 E B c A. 
Suppose that Z is an inessential ideal of both A and B such that Z, c IA, and such 
that the spectral radius function in the OBA (B/ZB, T( C n B)) is monotone. Zf 
a, b E B with 0 < a 5 b relative to Canda(b, B) = o(b, A), then r(a + ZB, B/ZB) _< 
r(b + ZB, B/ZB) and r(a + IA, A/IA) 5 r(b + IA, A/IA). 
Proof. Let a, b E B with 0 _< a < b relative to C. This implies that ZB 5 
a + ZB 5 b + Z, w.r.t. the algebra cone 7r( C n B) of B/Zs. Since the spectral ra- 
dius in (B/ZB,TT(C~I B)) 1s monotone, r(a + ZB, B/Zs) _< r(b + ZB, B/ZB). In 
view of ZB c IA, it is easy to show that o(a + IA, A/IA) c a(a + ZB, B/Zs) and SO 
r(a + IA, A/IA) < r(a + ZB, B/ZB). Our assumption a(b, B) = a(b, A) together 
with [19, Theorem 5.41 implies that Dr(b, B) = Dt(b, A), and by [5, Theorem 
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2.4 (iii)] or ([20, Lemma 1.11 and [20, Theorem 1.2 (1.2.1)]) (~(h + 18, B/IN)‘ =- 
a(b + IA, A/l,,)*. Consequently, ~(h + IS, B/Is) = r(b + In. A/l,). Combining 
the results, it follows that r(n -t Irl, FI/Z,~) < r(h + Z,.l, A/IA). cl 
In view of f23, Theorem 2.81 it follows that Theorem 4.6 includes [23, Cor- 
ollary 2.91. Indeed, to see this let E be a Dedekind complete Banach lattice and 
let A := C(E), B := C’(E), C := {T E C(E) : TX 2 0 for all x 2 0} and I be 
the finite rank operators on E. 
5. SPECTRAL PROPERTIES OF POSITIVE ELEMENTS 
We prove that if the spectral radius function in an OBA is monotone then the 
spectral radius of a positive element belongs to the spectrum of that element 
(Theorem 5.2). This is a generalisation of the original matrix theorem of 
0. Perron. Our discussion of this result in the setting of quotient algebras re- 
veals important information about the essential spectral radius of positive 
operators on Banach lattices due to Martinez--Mazon [23]. 
Proposition 5.1. Let A be un OBA with a closednormul ulgehra cone Canda r- C. 
Then r(n) E c(a). 
This result is well known and was proved by H.H. Schaefer for positive 
operators on ordered locally convex spaces [32, Theorems 2.1 and 2.2, 
p. 26222631 and for positive operators on Banach lattices [30, Proposition 
V. 4.11. H. Schneider and R.L.E. Turner 133, Theorem 2.21 proved this result for 
positive operators on ordered Banach spaces. Their proof can be adapted to 
give a simple proof of Proposition 5.1 in the setting of ordered Banach algebras 
involving only one cone. Our next result is stronger and is based on a result of 
B. de Pagter and A.R. Schep 115, Proposition 3.31. 
Theorem 5.2. Let A be an UBA faith a ~Ios~~~igebru cone Csuch that the ~~pe~tr~~~ 
radiusfunction in (A, C) is monotone. iJ’a E C then r(a) E u(a). 
Proof. Let u be a positive element and assume r(a) = 1. Suppose 1 6 (T(cI,). 
Choose 0 < o < I such that (T(Q) c {X E C : Re X < 0). Let t be a positive real 
number and let f(z) := e’“. By the spectral mapping theorem c(Pj = e”T(N! c 
{A E C : /A/ < eza} and so r(efu) 5 et” for all t 2 0. Since a ~rl C, t 2 0 and C 
is a closed algebra cone, e ‘a = 1 + tn + ((ta)2)/(2!) +. . E C so that 0 < 
(t”)/(n!)a” < era, for all IZ E N and t 2 0. By the monotonicity of the spectral 
radius and ~(a) = 1, 0 < r((rn)/(n!)a”) = (t”),/(n!) 5 era. Substituting t = n/c? 
in this inequality yields a contradiction to Stirling’s formula. Hence 
I E G(fl)* cl 
Theorem 5.2 in the setting of quotient algebras is 
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Theorem 5.3. Let A be an UBA with a closed cone C and let F be a closed ideal of 
A such that the spectral radius function in (A, F, nC) is monotone. If a E C then 
r(a -k F, A/F) E (~(a + F, A/F). 
The proof is verbatim the same as that of Theorem 5.2. Note that since we 
cannot deduce from the closedness of C that nC is closed, Theorem 5.3 does 
not merely follow from Theorem 5.2, In fact, in Theorem 5.3 it is not necessary 
for YVZ to be closed. The following corollary is a generalisation of a result of 
J. Martinez and J.M. Mazbn [23, Corollary 2.141. 
Corollary 5.4. Let (a, C) be an OZ3A and B a Banach algebra with 1 E B c A such 
that C n B is closed in B. Suppose that I is an inessential ideal ofboth A and Bsuch 
that the spectral radius function in the OBA (B/IB, 7r( C n B)) is monotone. Zf a E 
C n B is such that o(a, A) = cT(a, B), then r(a + IB, B/Is) E d(a 4 IB, B/Is) and 
r(a+IA,A/ZA) E o(a+Z~~A/Z~). 
Proof. It follows from the previous theorem that r(a + IB,B/ZB) E 
a(a +ZB,B/Z~). If also a(a, A) = o(a,B), by [19, Theorem 5.41 Z?(a,A) = 
D1(a,B). Therefore D1(a,A)^ = D,(a,B)^ and by [S, Theorem 2.4 (iii)] 
cr(a + IA, A/Z,+)^ = o(a + Zg, B/ZB)^. H ence r(a i- Z,, A/IA) = r(a + Z,, B/Zs). 
Combining the results it follows that r(a + IA, A/IA) E o(a + [A, A/ZA)*. Since 
1x1 -C r(a + IA,AIZA) f or all X E o(a + Z,, A/ZA)^\o(a + IA, A/IA), we conclude 
that r(a + IA, A/IA) E a(a + IA, A/IA). 0 
Observe that in the previous theorem the condition C fl B be closed in B is 
automatically satisfied if C is closed in A and the Banach algebra B has a finer 
norm than the Banach algebra A. To see that Corollary 5.4 contains [23, Cor- 
ollary 2.141, we refer to the remarks following Theorem 4.6. 
6. DOMINATION 
The motivation for the results in this final section is the following problem 
that was studied in Banach lattices: Let E be a Banach lattice and let S and T 
be positive operators such that 0 < S < T holds. If T has certain properties, 
does it follow that S has the same properties? This question has been in- 
vestigated if T has certain topological properties, e.g. T compact [-?I, T weakly 
compact [2], T ~unford-Pettis [l] and if T has certain spectral properties 1131. 
In this section we offer some complementary results to the Aliprantis-Burkin- 
shaw theory for positive operators. We consider the corresponding problem in 
an OBA (A, C). If a, b E A, what properties of b are inherited by a if we know 
that 0 < a < b holds relative to C? We study this problem if either b belongs to 
an ideal of A or if b is Riesz relative to some ideal of A. 
Theorem 6.1. Let (A, C) be an OBA with a, b E A and let F be a closed ideal of A. 
Then the following two conditions are equivalent: 
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1. if 0 < a < b relative to C and b E F, then a E F; 
2. the algebra cone XX in the quotient algebra A/F is proper. 
Proof. Suppose condition 1 holds and c + F E nC n -YTC. Then c + F = 
cl + F = -13 + F, where cl, c2 E C. It follows that cl + c2 E F. Since also 0 5 
CI 5 cl + ~2, relative to C, holds, condition 1 implies that cl E F. Consequently 
c + F = cl + F = F and we conclude that TC is a proper algebra cone. 
Suppose condition 2 holds. If 0 5 a < b relative to C and h E F, then F < 
a + F < b + F = F holds w.r.t. vZ’ in A/F. Since nC is a proper algebra cone in 
A/F, the order 5 in A/F is antisymmetric. Therefore CI + F = F, i.e. a E F. n 
We have remarked earlier that if (A. C) IS an OBA with F a closed ideal in A 
and if 7r : A + A/F is the canonical homomorphism, then (A/F, XC’) is an 
OBA, although we cannot deduce normality or closedness of 7rC from the 
corresponding properties of C. If E is a Banach lattice with positive cone 
C={x~E:x>0} and if K={TEC(E):TC’cC}, then (C(E).K) and 
(C’(E), K) are OBA’s with a closed normal cone K. However, in general 
the algebra cone xK in the OBA (C(E)/K:(E).7rK) or in the OBA 
(C’(E)IK’(E), TK) 1s not normal. But if E and E’ have order continuous 
norm, then in view of Theorem 6.1 and [16] the algebra cone 7rK is a proper 
cone. 
Let (A, C) be an OBA and a, b F A such that 0 < u 5 h relative to C. In our 
next results we are interested whether certain spectral properties of b are in- 
herited by a. More specifically, if h is Riesz relative to some ideal, does it follow 
that a is Riesz? 
Theorem 6.2. Let (A, C) be an OBA and Fa closed ideal in A such that the spec- 
tral radius function in the OBA (A/F,-irC) zs monotone. If’ a, b E A is such that 
0 < a 5 b with respect to Cand b is Riesz relative to F, then a is Riesz relative to F. 
Proof. Let a. h E A be such that 0 < LZ < b w.r.t. C. Then F 5 a + F 5 b + F 
relative to -irC in A/F and since the spectral radius function in (A/F,nC) is 
monotone, 0 5 r(a + F, A/F) < r(b + F. A/F). If h is Riesz relative to F, then 
r(b + F. A/F) = 0 and so r(a + F, A/F) = 0, i.e. a is Riesz relative to F. o 
We shall illustrate some instances of Theorem 6.2 in our next results. 
Corollary 6.3. Let E be a Dedekind complete Banach lattice and S, T E C’(E) 
such that 0 < S < T. If T is r-asy~mptotically quasi finite rank. then S is also 
r-asymptotically quasi,finite rank. 
Proof. Let S, T E Lr(E) be such that 0 < S 5 T and let K = {T E C’(E) : 
T-w 2 0 for all 0 5 x E E}. If T is r-asymptotically quasi finite rank, it is Riesz in 
C’(E) relative to K’(E) [26, Definition 1.21. This together with the fact that the 
spectral radius in the OBA (C’(E)/K”(E), nK) is monotone [23, Theorem 2.X] 
499 
implies, in view of Theorem 6.2, that S is Riesz in LC’(E) relative to K’(E). 
Hence S is r-asymptotically quasi finite rank. q 
Proposition 6.4. Let A be a commutative C*-algebra, 
C = {x E A : x = x* and o(x) c [O, CG)} 
and a, b E A be such that 0 < a _< b w.r. t. C. If Fis a closed ideal of A such that b is 
Riesz in A relative to F. then a is Riesz relative to F. 
Proof. Note that (A, C) is an OBA with a closed normal cone [14, Proposi- 
tion 3.7, p. 2411 and [24, Proposition 1.3.5, p. 71. By [14. Theorem 4.6, p. 2461 
A/F is a C*-algebra and the cone TC in A/F is normal. By Theorem 4.1 1 
the spectral radius in A/F is monotone. It follows from Theorem 6.2 that a is 
Riesz w.r.t. F. q 
We can prove a stronger result. 
Theorem 6.5. Let A be a C”-algebra and 
C = {x E A : x = x* and o(u) c [0, co)}. 
Suppose a, b E A such that 0 2 a 2 b w.r. t. C and ab = ha. If I is a closed in- 
essential ideal of A such that b is Riesz w.r. t. I, then a is Riesz w.r. t. I. 
Proof. Let a, b E A be such that 0 I a < b w.r.t. C and ab = ba, and let B be 
the commutative subset {a, b} of A. Since a, b E C, we have that B = B” = 
{x*:x E B}.Th ere f ore B U B* = B is commutative and hence a normal subset of 
A [lo, Definition 6, p. 1901. Consequently, B is contained in a maximal normal 
subset M of A, which is a commutative C*-algebra and a closed subalgebra of 
A [lo, Proposition 7, p. 1901. Let Ci := {x E M : x = x* and o(x, M) c [0, CKJ)}. 
By [lo, Theorem 8, p. 1901 ~(x, M) = g(x, A) for all x E M, which implies that 
C n M = Ci. Therefore, since, 0 I a 5 b w.r.t. C and a, b E M, it follows that 
0 < a _< b w.r.t. Ci in the OBA (M, Cl). If b is Riesz in A relative to the in- 
essential ideal I, b E R(A, I) n A4 = R(M, I n M) [6, Theorem A.1.4, p. 871, 
i.e., b is Riesz in M relative to the inessential ideal I n M in M. By taking A := 
M, C := Cl and I := I n M in Proposition 6.4, it follows that a is Riesz relative 
to I n A4 in M. Hence by [6, Theorem A.1.4, p. 871 a is Riesz w.r.t. I in A. 0 
Recall that an operator T on a Hilbert space H is called positive and write 
T>Oif(Tx,x)>OforeveryxEH. 
Corollary 6.6. Let H be a Hilbert space and S, T E C(H). Suppose S and T sat- 
isfy 0 < S < T and ST = TS. If T is a Riesz operator then S is a Riesz operator. 
Proof. This follows from Theorem 6.5 and [27, Theorem 12.321. •I 
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